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FREE GROUP ALGEBRAS IN DIVISION RINGS WITH
VALUATION I
JAVIER SA´NCHEZ
Abstract. Let R be an algebra over a commutative ring k. Suppose that R
is endowed with a descending filtration indexed on an ordered group (G,<)
such that the restriction to k is positive. We show that the existence of free
algebras on a certain set of generators in the induced graded ring grad(R)
implies the existence of free group algebras in R. Our best results are obtained
for division rings endowed with a valuation.
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Introduction
In the study of division rings, two conjectures that still remain open have at-
tracted atention during the last decades. The first one was stated by A. I. Lichtman
in [23]:
(G) If a division ring D is not commutative (i.e. not a field), then D\{0} contains
a noncyclic free group.
It holds true when the center of D is uncountable [6] and when D is finite-
dimensional over its center [15]. The second conjecture was formulated in [29]:
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(A) Let D be a skew field with center Z. If D is finitely generated as division ring
over Z, then D contains a noncommutative free Z-algebra.
Some important results have been obtained in [28], [30], [26], [4], [9] and other
papers. In many examples in which conjecture (A) holds, D in fact contains a
noncommutative free group Z-algebra. For example, this always happens if the
center of D is uncountable [16] (or [38] for a slightly more general result). Other
evidences of the existence of free group algebras in division rings can be found
in [5], [31], [26], [37]. Therefore it makes sense to consider the following unifying
conjecture:
(GA) Let D be a skew field with center Z. If D is finitely generated as a divi-
sion ring over Z and D is infinite dimensional over Z, then D contains a
noncommutative free group Z-algebra.
For more details on these and related conjectures the reader is referred to [17].
A result that allowed to assert the existence of free group algebras from the
existence of a free algebra is [24, Proposition 4], but, unfortunately, it is wrong.
Another incorrect proof was given by the author in [20, Lemma 7.3]. We supply a
counterexample to the proposition in Appendix A.
The main aim of this work is Theorem 5.1 which provides what can be re-
garded as a correct statement of [24, Proposition 4] and a generalization in some
aspects. Theorem 5.1 gives sufficient conditions for the existence of a free group
algebra in a division ring endowed with a valuation with values on an ordered
group. Roughly speaking, it says that the existence of a certain free algebra in the
graded division ring induced by the valuation implies the existence of a free group
algebra in the original division ring. Philosophically our theorem may be viewed as
a result in the vein of what happens when studying finite dimensional (over their
center) division rings endowed with a valuation [44]: some information about the
division ring can be recovered from the graded ring, moreover this object usually
turns out to be simpler and easier to work with than the original division ring.
We now proceed to give a more precise description of our techniques and
statement of our results.
Let R be a ring, (G,<) an ordered group and υ : R→ G∪{∞} be a valuation.
For S ⊂ D and g ∈ G we denote
S≥g = {s ∈ S : υ(s) ≥ g}, S>g = {s ∈ S : υ(s) > g}.
Recall that
gradυ(R) =
⊕
g∈G
Rg, where Rg = R≥g/R>g.
When the value group of the valuation is a subgroup of the real numbers, our
main result is as follows.
Theorem. Let D be a division ring with prime subring Z. Let υ : D → R ∪ {∞}
be a nontrivial valuation. Let X be a subset of D satisfying the following three
conditions.
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(1) The map X → gradυ(D), x 7→ x+D>υ(x), is injective.
(2) For each x ∈ X, υ(x) > 0.
(3) The Z0-subalgebra of gradυ(D) generated by the set {x + D>υ(x)}x∈X is the
free Z0-algebra on the set {x+D>υ(x)}x∈X, where Z0 := Z≥0/Z>0 ⊆ D0.
Then, for any central subfield k, the k-subalgebra of D generated by {1 + x, (1 +
x)−1}x∈X is the free group k-algebra on {1 + x}x∈X. 
The main idea of the proof of this result is the same as the one sketched
by Lichtman in [24, Proposition 4]. One must show that the completion of the
subring O = {f ∈ D ≥ 0} of D with respect to the descending chain of ideals
Ln = {f ∈ D : υ(f) ≥ n}, n ∈ N, contains a ring of formal power series Z〈〈X〉〉 in
a subset X of D. Then the elements of O corresponding to 1 + x generate a free
group Z-algebra by a result of Fox, see Theorem 1.1 below.
When trying to do the same when the value group is a general ordered group
(G,<), the main obstruction is the following situation that does not happen when
the ordered group is a subgroup of the real numbers. There may be elements
g, h ∈ G, g, h > 0, such that g > hn for all positive integers n. We say that g ≫ h.
If neither g ≫ h nor h≫ g, we say that g ∼ h. That is why we have to impose the
extra condition (3) in Theorem 5.1 and obtain a somehow different result. With
this condition, we are able to reduce the proof to the previous case and obtain
Theorem 5.1.
Theorem. Let D be a division ring with prime subring Z. Let (G,<) be an ordered
group and υ : D → G ∪ {∞} be a nontrivial valuation. Let X be a subset of D
satisfying the following four conditions.
(1) The map X → gradυ(D), x 7→ x+D>υ(x), is injective.
(2) For each x ∈ X, υ(x) > 0.
(3) For all x, y ∈ X, υ(x) ∼ υ(y).
(4) The Z0-subalgebra of gradυ(D) generated by the set {x + D>υ(x)}x∈X is the
free Z0-algebra on the set {x+D>υ(x)}x∈X, where Z0 := Z≥0/Z>0 ⊆ D0.
Then, for any central subfield k, the following hold true.
(a) If there does not exists z ∈ Z such that υ(z) ≫ υ(x) for all x ∈ X, then
the k-subalgebra of D generated by {1 + x, (1 + x)−1}x∈X is the free group
k-algebra on {1 + x}x∈X.
(b) If there exists z ∈ Z such that υ(z)≫ υ(x) for all x ∈ X, then the k-subalgebra
of D generated by {1 + zx, (1 + zx)−1}x∈X is the free group k-algebra on the
set {1 + zx}x∈X. 
Note that if the value group is a subgroup of the reals, then condition (3) is
trivially satisfied and (b) never occurs, obtaining in this way the foregoing result.
In Sections 2, 3, 4 the results are stated for rings endowed with filtrations
that not necessarily come from valuations. This is because we realized that it is
necessary to state the results for general rings (not only division rings) to make
the reduction to the real case, and because it is not much harder to prove similar
theorems as the ones stated for these more general class of filtrations.
4 JAVIER SA´NCHEZ
In a second part of this work, we use the theorems stated to produce new
results on the existence of free group algebras in division rings.
Our work is structured as follows. In Section 1, we fix the notation and present
some results on the existence of free (group) algebras that will be needed in later
sections. In Section 2, the concept of positive filtration is introduced. Roughly
speaking, it is a descending filtration on a Z-algebra R with values on an ordered
group. It allows us to look at the induced graded ring grad(R) as a grad(Z)-ring.
Then we give some of its basic but important properties. We end this section
proving that the existence of a free object (monoid, group, algebra, group algebra)
generated by homogeneous elements in the graded ring, implies the existence of
the same kind of free object in the original ring. In Section 3, we give sufficient
conditions for the existence of a free group algebra in an algebra endowed with a
positive filtration with values in a subgroup of the real numbers. When the value
group is a general ordered group, the same is shown in Section 4 using the results
of previous sections. At the beginning of this section, the needed background on
ordered groups is recalled. In the last section, we show the main result of our work
and obtain an interesting corollary. In Appendix A, we give a counterexample
to [24, Proposition 4]. In Appendix B, we comment on some results where [24,
Proposition 4] has been used to prove the existence of a free group algebra.
1. Preliminaries
All rings and algebras R are assumed to be associative rings with an identity
element 1 ∈ R.
For a commutative ring Z, when we say that a ring A is a Z-algebra we mean
that Z is a subring of the center of A.
Let Y = {X1, . . . , Xn} be a finite nonempty set. The free monoid Y ∗ gen-
erated by Y is the set of finite sequences of elements of Y including the empty
sequence denoted by 1. The elements of Y ∗ are called words (on X1, . . . , Xn). The
product in Y ∗ is the concatenation of words and with neutral element 1. A word
ω ∈ Y ∗ is said to be a word of length r if ω(X1, . . . , Xn) = Xi1 · · ·Xir where
ij ∈ {1, . . . , n} . The word 1 is the only word of length 0.
Let Z be a commutative ring. A formal series is a function
Y ∗ → Z, ω 7→ aω,
denoted as ∑
ω∈Y ∗
aωω.
The Z-algebra of formal series on Y with coefficients in Z is denoted by Z〈〈Y 〉〉
or Z〈〈X1 . . . , Xn〉〉. If
f =
∑
ω∈Y ∗
aωω, g =
∑
ω∈Y ∗
bωω
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are two formal series, then their sum and product are given by
f + g =
∑
ω∈Y ∗
(aω + bω)ω, fg =
∑
ω∈Y ∗
(
∑
uv=ω
aubv)ω.
There is an injection Z → Z〈〈Y 〉〉, z 7→ z1.
The free Z-algebra on the set Y , denoted by Z〈Y 〉, is the monoid Z-algebra of
the free monoid Y ∗. It can be regarded as the set of series f =
∑
ω∈Y ∗
aωω ∈ Z〈〈Y 〉〉
such that the set {ω : aω 6= 0} is finite with the sum and product induced from
Z〈〈Y 〉〉.
Recall that the Z-algebraZ〈〈Y 〉〉 can also be seen as the completion lim←−Z〈Y 〉/J
n
where J is the ideal of Z〈Y 〉 generated by Y and Jn is the n-th power of J . Thus
Jn is the ideal generated by the words of length n.
The free group Z-algebra on the set Y is the group Z-algebra Z[G] where G
is the free group on the set Y .
Let a1, . . . , an be a sequence of elements of a ring (algebra, group, monoid,. . . )
R. Let ω ∈ Y ∗, ω(X1, . . . , Xn) = Xi1 · · ·Xir where ij ∈ {1, . . . , n}. By ω(a1, . . . , an),
we mean
ω(a1, . . . , an) = ai1 · · ·air ∈ R.
That is, the evaluation of the word ω(X1, . . . , Xn) on the sequence a1, . . . , an.
Sometimes, we will deal with free algebras and free group algebras where the
ring of coefficients need not be commutative. Let S be a ring. By the free S-ring on
Y , we mean the monoid S-ring os the free monoid Y ∗. In other words the elements
of S are polynomials in the noncommuting variables of Y with coefficients from S.
Here, the coefficients are supposed to commute with each Xi. Analaogously, one
can define the free group S-ring on Y , as the group ring S[G] where G is the free
group on Y .
The main tool that we will use to obtain free group algebras inside rings is
the next result.
Theorem 1.1. Let Y = {X1, . . . , Xn} be a finite set, G be the free group on Y
and Z be a commutative ring. Then Z[G], the free group Z-algebra on Y , embeds
in Z〈〈Y 〉〉 via the Z-algebra homomorphism Ψ: Z[G] → Z〈〈Y 〉〉 determined by
Xi 7→ 1 +Xi, X−1i 7→ (1 +Xi)−1. 
Theorem 1.1 goes back to R. Fox [13, Theorem 4.3] who stated the result
for Z = Z, but the proof of [13] works for any ring Z (even not commutative) as
noted in [1, 2.12]. The proof of Fox’s result was reviewed in [1, Section 2]. Other
proofs can be found in [2], [24].
Suppose that D is a division ring with prime subfield P . Let C be a central
subfield of D. The next result tells us that finding free (group) P -algebras inside D
is equivalent to finding free (group) C-algebras inside D. It will be used throughout
the paper.
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Lemma 1.2. Let D be a domain with prime subfield P and suppose that C is a
subfield of D contained in the center of D. Let M be a free submonoid (subgroup)
of the multiplicative group D \ {0}. Then the algebra generated by P and M is the
monoid (group) algebra P [M ] if, and only if, the algebra generated by C and M is
the monoid (group) C-algebra C[M ]. 
Lemma 1.2 was proved for M a free monoid in [32, Lemma 1]. The fact that
a similar proof works for free groups M was noted in [16].
2. Generalities on positive filtrations
Throughout this work, although we deal with not necessarily abelian groups
G, the operation is denoted additively unless otherwise stated. Thus, in general,
g + h 6= h + g for h, g ∈ G. The identity element of G is denoted by 0 and the
inverse of an element g ∈ G by −g.
A strict ordering on a set S is a binary relation < which is transitive and
such that s1 < s2 and s2 < s1 cannot both hold for elements s1, s2 ∈ S. It is
a strict total ordering if for every s1, s2 ∈ S exactly one of s1 < s2, s2 < s1 or
s1 = s2 holds.
A groupG is called orderable if its elements can be given a strict total ordering
< which is left and right invariant. That is, g1 < g2 implies that g1 + h < g2 + h
and h+ g1 < h+ g2 for all g1, g2, h ∈ G. We call the pair (G,<) an ordered group.
Clearly, any additive subgroup of the real numbers is orderable. More generally,
torsion-free abelian groups, torsion-free nilpotent groups and residually torsion-
free nilpotent groups are orderable [14].
Let (G,<) be an ordered group. A symbol ∞ is adjoined to G and in G∞ =
G∪{∞} the operation and order are extended in such a way that g+∞ =∞+g =
∞+∞ =∞ and g <∞, for all g ∈ G.
Let R be a ring and let (G,<) be an ordered group. A valuation on R with
values in G is a map υ : R → G∞ that satisfies the following conditions for all
x, y ∈ R,
(V.1) υ(x) =∞ if and only if x = 0;
(V.2) υ(x+ y) ≥ min{υ(x), υ(y)};
(V.3) υ(xy) = υ(x) + υ(y).
If υ(x) = 0 for all x ∈ R \ {0}, we say that υ is the trivial valuation on R.
It is well known that υ(1) = υ(−1) = 0, υ(x) = υ(−x) for any x ∈ R and
υ(x+ y) = min{υ(x), υ(y)} provided x, y ∈ R with υ(x) 6= υ(y).
Notice that if R is a nonzero ring, then it is a domain by condition (V.3).
Thus the characteristic of R is either zero or a prime number p. Let Z be the prime
subring of R, that is, the subring of R generated by 1. If the characteristic of R
is a prime number p, then Z can be identified with Z/pZ, and the restriction of υ
to Z is the trivial valuation on Z. When the characteristic of R is zero, Z can be
identified with the ring of integers Z and the restriction of υ to Z is explained in
Lemma 2.1.
FREE GROUP ALGEBRAS 7
Lemma 2.1. Let (G,<) be an ordered group, and υ : Z → G∞ be a nontrivial
valuation. Then there exist a prime p ∈ Z and g ∈ G, g > 0, such that
υ(z) = rg, for each z ∈ Z \ {0}, (2.1)
where z is uniquely decomposed as z = prb with r ∈ N and b an integer coprime
with p.
Conversely, for each prime p ∈ Z and g ∈ G, g > 0, there exists a valuation
υ : Z→ G∞ defined as in (2.1).
Proof. Clearly, if υ(q) = 0 for all prime numbers q ∈ Z, then υ(z) = 0 for all z ∈ Z.
It is well known that any valuation on Z can be uniquely extended to a
valuation on Q. Since
0 = υ(1) = υ(
q
q
) = υ(
1
q
+ · · ·+ 1
q
) ≥ υ(1
q
),
then υ(q) > 0 for any prime q such that υ(q) 6= 0. Hence υ(z) ≥ 0 for any z ∈ Z.
Let p and q be two different prime numbers and suppose that υ(p) 6= 0. Then
there exist integers a, b such that ap+ bq = 1. Since
0 = υ(1) = υ(ap+ bq) ≥ min{υ(ap), υ(bq)} ≥ min{υ(p), υ(q)},
then υ(q) = 0. Hence there exists at most one prime number p such that υ(p) > 0.
Given an integer z, there exists a decomposition of z of the form z = prb
with r ≥ 0 and b ∈ Z coprime with p. Hence, if υ(p) = g, υ(z) = rg, as desired.
Conversely, if p is a prime number, and g ∈ G, g > 0, it is easy to check that
(2.1) defines a valuation. 
Let Z be a commutative ring and R be a Z-algebra. Let (G,<) be an ordered
group. A positive filtration (over Z) with values in G is a map υ : R → G∞ that
satisfies the following conditions for all x, y ∈ R, a ∈ Z
(PF.1) υ(x) =∞ if and only if x = 0;
(PF.2) υ(x+ y) ≥ min{υ(x), υ(y)};
(PF.3) υ(xy) ≥ υ(x) + υ(y);
(PF.4) υ(a) ≥ 0.
The following lemmas present some trivial properties about positive filtra-
tions that will be used throughout without any further reference.
Lemma 2.2. Let Z be a commutative ring and R be a Z-algebra. Let (G,<) be
an ordered group and υ : R→ G∞ be a positive filtration. The following assertions
hold true.
(1) υ(1) = υ(−1) = 0.
(2) υ(x) = υ(−x) for all x ∈ R.
(3) υ(x+ y) = min{υ(x), υ(y)} provided υ(x) 6= υ(y).
Proof. (1) Notice that 1,−1 ∈ Z, thus υ(1), υ(−1) ≥ 0. Now
υ(1) = υ(1 · 1) ≥ υ(1) + υ(1)
υ(1) = υ((−1)(−1)) ≥ υ(−1) + υ(−1).
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The first inequality shows that υ(1) ≤ 0, and therefore υ(1) = 0. Using this, the
second inequality shows that υ(−1) ≤ 0, and therefore υ(−1) = 0.
(2) Now υ(−x) = υ((−1)x) ≥ υ(−1) + υ(x) = υ(x). Similarly υ(x) ≥ υ(−x).
Hence υ(x) = υ(−x).
(3) The same proof as for valuations works. 
Lemma 2.3. A valuation υ : R → G∞ is a positive filtration (over the prime
subring Z of R).
Proof. Clearly (PF.1), (PF.2) and (PF.3) hold . If υ(a)=0 for all nonzero a ∈ Z,
then (PF.4) trivially satisfied. If the characteristic of R is zero and υ is not the
trivial valuation when restricted to Z, Lemma 2.1 implies (PF.4). 
The following procedure to obtain the induced graded ring from a positive
filtration is well known. Let Z be a commutative ring and R be a Z-algebra. Let
(G,<) be an ordered group and υ : R → G∞ be a positive filtration. For each
g ∈ G, define
R≥g = {x ∈ R : υ(x) ≥ g}, R>g = {x ∈ R : υ(x) > g}.
By (PF.2) and Lemma 2.2, R≥g and R>g are abelian groups. Define
Rg = R≥g/R>g.
The fact that G is an ordered group and (PF.3) imply that
R≥gR≥h ⊆ R≥g+h, R>gR>h ⊆ R>g+h, R>hR≥g ⊆ R>g+h, R≥gR>h ⊆ R>g+h
for any g, h ∈ G. Thus a multiplication can be defined by
Rg ×Rh −→ Rg+h, (x+R>g)(y +R>h) = (xy) +R>g+h. (2.2)
The associated graded ring of υ on R is defined to be
gradυ(R) =
⊕
g∈G
Rg.
The addition on gradυ(R) arises from the addition on each component Rg. The
multiplication is defined by extending the multiplication (2.2) on the components
bilinearly to all gradυ(R). Note that 1 +R>0 is the identity element of gradυ(R).
Consider the restriction of υ to Z. Then gradυ(Z) can be regarded as a
subring of gradυ(R). Since, in general, υ(a)+υ(x) 6= υ(x)+υ(a) for a ∈ Z, x ∈ R,
we cannot consider gradυ(R) as a gradυ(Z)-algebra. If the group G is abelian, then
we can consider gradυ(R) as a gradυ(Z)-algebra. On the other hand, whether G
is abelian or not, gradυ(R) is always Z0-algebra, where Z0 = Z≥0/Z>0.
In the next lemma, Lemma 2.4(2) can be found in [7, Proposition 2.6.1].
The other statements are straightforward. This result will be used throughout,
sometimes without further reference.
Lemma 2.4. Let Z be a commutative ring and R be a Z-algebra. Let (G,<) be
an ordered group and υ : R→ G∞ be a positive filtration. Let f1, f2, . . . , fr ∈ R.
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(1) (f1+R>υ(f1))(f2+R>υ(f2)) · · · (fr+R>υ(fr)) 6= 0 if, and only if, υ(f1f2 · · · fr) =
υ(f1) + υ(f2) + · · ·+ υ(fr).
(2) gradυ(R) is a domain, if and only if, υ is a valuation.
(3) Suppose that υ(f1) = · · · = υ(fr) = g ∈ G. The following statements are
equivalent
(a) υ(f1 + · · ·+ fr) = g,
(b) (f1 +R>g) + · · ·+ (fr +R>g) = (f1 + · · ·+ fr) +R>g 6= 0 as an element
of Rg. 
We end this section with the following result. We prove that the existence of
a free object generated by homogeneous elements in the graded ring implies the
existence of a free object of the same kind inside the ring R.
Proposition 2.5. Let Z be a commutative ring and R be a Z-algebra. Let (G,<)
be an ordered group and υ : R → G∞ be a positive filtration. Let X be a subset of
elements of R such that the map X → gradυ(R), x 7→ x + R>υ(x), is injective.
The following statements hold true.
(1) If the multiplicative submonoid of gradυ(R) generated by {x+ R>υ(x)}x∈X is
the free monoid on {x+R>υ(x)}x∈X, then the multiplicative submonoid of R
generated by X is the free submonoid on X.
(2) Suppose that:
(a) The elements of X are invertible in R and υ(x−1) = −υ(x) for all x ∈ X;
(b) The multiplicative monoid of gradυ(R) generated by {x + R>υ(x), x−1 +
R>υ(x−1)}x∈X is the free group on {x+R>υ(x)}x∈X.
Then the multiplicative subgroup of R generated by X is the free group on X.
(3) If the subring of gradυ(R) generated by gradυ(Z) and {x+R>υ(x)}x∈X is the
free gradυ(Z)-ring on {x+R>υ(x)}x∈X, then the Z-subalgebra of R generated
by X is the free Z-algebra on X.
(4) Suppose that
(a) The elements of X are invertible in R and υ(x−1) = −υ(x) for all x ∈ X;
(b) The subring of gradυ(R) generated by gradυ(Z) and {x + R>υ(x), x−1 +
R>υ(x−1)}x∈X is the free group gradυ(Z)-ring on {x+R>υ(x)}x∈X.
Then the Z-subalgebra of R generated by {x, x−1}x∈X is the free group Z-
algebra on X.
If, moreover, υ is a valuation, one can change (3) and (4), respectively, for
(3’) If the Z0-subalgebra of gradυ(R) generated by {x+R>υ(x)}x∈X is the free
Z0-algebra on {x+ R>υ(x)}x∈X, then the Z-subalgebra of R generated by
X is the free Z-algebra on X.
(4’) Suppose that:
(a) The elements of X are invertible.
(b) The Z0-subalgebra of gradυ(R) generated by {x+R>υ(x), x−1+R>υ(x−1)}x∈X
is the free group Z0-algebra on {x+R>υ(x)}x∈X.
Proof. We prove (2) and (4). The others can be shown in the same way.
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The fact that υ(x−1) = −υ(x) implies that x+R>υ(x) is invertible in gradυ(R)
with inverse x−1 +R>υ(x−1) for each x ∈ X .
For any f ∈ R, we write f˜ = f +R>υ(f) ∈ gradυ(R).
We may suppose that X = {x1, . . . , xn}. For any nontrivial reduced group
word ω on the variables {X1, . . . , Xn}, by hypothesis (b), one has ω(x˜1, . . . , x˜n) =
˜ω(x1, . . . , xn) 6= 1˜. Thus ω(x1, . . . , xn) 6= 1. Hence the multiplicative group gener-
ated by X is the free group on X and (2) is proved.
Let now ω1, . . . ωr be different reduced group words on {X1, . . . , Xn}, and let
a1, . . . , ar ∈ Z \ {0}. Suppose that υ(xi) = gi, i = 1, . . . , n. By Lemma 2.4(1)
υ(ajωj(x1, . . . , xn)) = υ(aj) + ωj(g1, . . . , gn), j = 1, . . . , r,
where ωj(g1, . . . , gn) is expressed in additive notation. We may suppose that
υ(a1ω1(x1, . . . , xn)) ≤ · · · ≤ υ(arωr(x1, . . . , xn)).
Let t be the least positive integer such that
υ(a1ω1(x1, . . . , xn)) = · · · = υ(atωt(x1, . . . , xn)) < υ(at+1ωt+1(x1, . . . , xn)) ≤
· · · ≤ υ(arωr(x1, . . . , xn)).
By assumption (4)(b),
0 6=
t∑
j=1
a˜jωj(x˜1, . . . , x˜n) ∈ Rυ(a1ω1(x1,...,xn)).
By Lemma 2.4(3),
υ

 t∑
j=1
ajωj(x1, . . . , xn)

 = υ(a1ω1(x1, . . . , xn)).
Thus υ
( r∑
j=1
ajωj(x1, . . . , xn)
)
= υ(a1ω1(x1, . . . , xn)) 6= ∞ and therefore
r∑
j=1
ajωj(x1, . . . , xn) 6= 0, as desired.
Suppose now that υ is a valuation. Hence υ(x−1) = −υ(x) for all x ∈ X
and gradυ(R) is a domain. We now show that (4’)(b) is equivalent to (4)(b). First
note that υ(a) + υ(f) = υ(af) = υ(fa) = υ(f) + υ(a) for all a ∈ Z, f ∈ R.
Hence gradυ(Z) is commutative and gradυ(R) is a gradυ(Z)-algebra. Consider
the central multiplicative subset of gradυ(R) S = gradυ(Z) \ {0}, and localize
gradυ(R) at S. Then gradυ(R) embeds in the domain S
−1 gradυ(R). Let Q0 be the
subfield of C = S−1 gradυ(Z) generated by Z0. By Lemma 1.2, the C-subalgebra
of S−1 gradv(R) generated by a set Y is the free C-subalgebra on Y if, and only if,
the Q0-subalgebra of S
−1 gradv(R) generated by Y is the free Q0-subalgebra on
Y . Now observe that these subalgebras are free over C (respectively Q0) if, and
only if, they are free over gradυ(Z) (respectively Z0). 
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3. When the value group is a subgroup of the real numbers
Let Y = {X1, . . . , Xn} be a set of n noncommutative variables. Fix n (not
necessarily different) positive real numbers p1, p2, . . . , pn. For each ω ∈ Y ∗,
ω = ω(X1, X2, . . . , Xn) = Xi1Xi2 · · ·Xis ,
where ij ∈ {1, . . . , n}, we define the weighted degree of w as
wd(ω) =
s∑
j=1
pij .
Observe that wd(1) = 0 and wd(ωω′) = wd(ω) + wd(ω′) for all ω, ω′ ∈ Y ∗.
Let Z be a commutative ring endowed with a positive filtration η : Z → R∞
such that η(z) ≥ 0 for all z ∈ Z. Define the map wdη : Z〈Y 〉 → R∞ as follows. Let
f ∈ Z〈Y 〉, f = ∑
ω∈Y ∗
zωω, then
wdη(f) = min{η(zω) + wd(ω) : ω ∈ Y ∗}.
Lemma 3.1. Let Z be a commutative ring endowed with a positive filtration
η : Z → R∞ such that η(z) ≥ 0 for all z ∈ Z. Let Y = {X1, . . . , Xn} be a set of n
noncommutative variables. Fix n (not necessarily different) positive real numbers
p1, p2, . . . , pn. The following statements hold true.
(1) The map wdη : Z〈Y 〉 → R∞ is a positive filtration (over Z).
(2) If η : Z → R∞ is a valuation, then wdη : Z〈Y 〉 → R∞ is a valuation.
(3) For each positive integer d, let Ld = {f ∈ Z〈Y 〉 : wdη(f) ≥ d}. Then Z〈〈Y 〉〉 →֒
lim←−Z〈Y 〉/Ld.
Proof. The proof is analogous to [7, p.87].
(1) Clearly wdη(f) =∞ if, and only if, f = 0.
Let f =
∑
ω∈Y ∗
zωω, f
′ =
∑
ω∈Y ∗
z′ωω ∈ Z〈Y 〉.
By definition f + f ′ =
∑
ω∈Y ∗
(zω + z
′
ω)ω. For each ω ∈ Y ∗,
wdη((zω + z
′
ω)ω) = η(zω + z
′
ω) + wd(ω)
≥ min{η(zω), η(z′ω)}+wd(ω)
= min{wdη(zωω),wdη(z′ωω)}.
Hence wdη(f + f
′) ≥ min{wdη(f),wdη(f ′)}.
Now ff ′ =
∑
ω∈Y ∗
( ∑
αβ=ω
zαz
′
β
)
ω. Respectively, let α0, β0 ∈ Y ∗ be words of
least weighted degree among the words α, β ∈ Y ∗ such that wdη(f) = η(zα) +
wd(α) and wdη(f
′) = η(z′β) + wd(β). By definition,
wdη(ff
′) = min
{
η
( ∑
αβ=ω
zαz
′
β
)
+wd(ω) : ω ∈ Y ∗
}
Observe that, for all α, β ∈ Y ∗,
η(zαz
′
β) + wd(αβ) ≥ η(zα0) + wd(α0) + η(z′β0) + wd(β0) = wdη(f) + wdη(f ′).
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Thus
wdη(ff
′) ≥ wdη(f) + wdη(f ′), (3.1)
and (1) is proved.
(2) Now we must prove that equality in (3.1) holds. For that, it is enough to
find ω0 ∈ Y ∗ for which η
( ∑
αβ=ω0
zαz
′
β
)
+wd(ω0) = wdη(f) + wdη(f
′).
Let ω0 = α0β0. Consider the set
A = {(α, β) ∈ Y ∗ × Y ∗ : αβ = ω0} \ {(α0, β0)}.
For each (α, β) ∈ A, either there exists α1 ∈ Y ∗, α1 6= 1, such that α0 = αα1 or
there exists β1 ∈ Y ∗, β1 6= 1, such that β0 = β1β. If α0 = αα1, wd(α) < wd(α0),
and if β0 = β1β, wd(β) < wd(β0). By the choice of α0, β0, we get that for each
(α, β) ∈ A either η(zα0) + wd(α0) < η(zα) + wd(α) or η(z′β0) + wd(β0) < η(z′β) +
wd(β). Hence
η(zα0z
′
β0
) + wd(ω0) = η(zα0) + wd(α0) + η(z
′
β0
) + wd(β0)
< η(zα) + wd(α) + η(z
′
β) + wd(β)
= η(zαz
′
β) + wd(ω).
Therefore η(zα0z
′
β0
) < η(zαz
′
β) for all (α, β) ∈ A. By the properties of valuations,
η
( ∑
αβ=ω0
zαz
′
β
)
= η(zα0) + η(z
′
β0
), which implies the result.
(3) Let J = 〈Y 〉 be the ideal of Z〈Y 〉 generated by Y . Define u = min{p1, . . . , pn}.
Then, for each natural number m, Jm ⊆ L[um], where [a] denotes the greatest
integer smaller or equal to the real number a. This induces natural ring homomor-
phisms
Z〈Y 〉/Jm φm−→ Z〈Y 〉/L[um],
such that the following diagram is commutative for m1 < m2
Z〈Y 〉/Jm2 φm2 //

Z〈Y 〉/L[um2]

Z〈Y 〉/Jm1 φm1 // Z〈Y 〉/L[um1]
Thus we obtain a ring homomorphism between the completions
Z〈〈Y 〉〉 = lim←−
m
Z〈Y 〉/Jm φ−→ lim←−
d
Z〈Y 〉/Ld.
Let a nonzero series f =
∑
ω∈Y ∗
zωω ∈ Z〈〈Y 〉〉 be given. For each positive integer d,
∑
wdη(zωω)<d
zωω (3.2)
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is a finite sum. Choose d such that (3.2) is not zero in Z〈Y 〉. Let now m be such
that [um] > d. Then φ(f) 6= 0 because the projection of φ(f) in Z〈Y 〉/L[um] is
not zero. Hence φ is an injective ring homomorphism. 
Theorem 3.2. Let Z be a commutative ring and R be a Z-algebra. Let υ : R→ R∞
be a nontrivial positive filtration. Let X be a subset of elements of R satisfying the
following conditions
(1) The map X → gradυ(R), x 7→ x+R>υ(x), is injective.
(2) For each x ∈ X, υ(x) > 0.
(3) The gradυ(Z)-subalgebra of gradυ(R) generated by the set {x+R>υ(x)}x∈X is
the free gradυ(Z)-algebra on the set {x+R>υ(x)}x∈X.
(4) For each x ∈ X, 1 + x is invertible in R and υ((1 + x)−1) = 0.
Then the Z-subalgebra of R generated by {1 + x, (1 + x)−1}x∈X is the free group
Z-algebra on the set {1 + x}x∈X .
Proof. Observe that it is enough to show the result for X a finite set. Thus suppose
that X = {x1, . . . , xn}. Fix the positive real numbers pi = υ(xi), i = 1, . . . , n.
Let O = {x ∈ R : υ(x) ≥ 0}. For each d ≥ 1, let Kd = {x ∈ R : υ(x) ≥ d}.
Notice that Kd is an ideal of O for each d.
Let Y = {X1, . . . , Xn} be a set of n noncommuting variables and consider
the free Z-algebra Z〈Y 〉. Let f = ∑
ω∈Y ∗
zωω ∈ Z〈Y 〉 be a nonzero polynomial. Let
t = min{υ(zωω(x1, . . . , xn)) : ω ∈ Y ∗}. Let A = {ω ∈ Y ∗ : υ(zωω(x1, . . . , xn)) =
t}. The set A is finite and not empty. Suppose that A = {ω1, . . . , ωr}. We can
write
f(x1, . . . , xn) =
r∑
j=1
zωjωj(x1, . . . , xn) +
∑
υ(zwω(x1,...,xn))>t
zωω(x1, . . . , xn).
By condition (3), the element
r∑
j=1
zωjωj(x1, . . . , xn) + R>t ∈ Rt is not zero. By
Lemma 2.4(3), υ
( r∑
j=1
zωjωj(x1, . . . , xn)
)
= t. Therefore υ(f(x1, . . . , xn)) = t. In
particular, this implies that Z〈Y 〉 →֒ O via f 7→ f(x1, . . . , xn).
Let η be the restriction of υ to Z. Note that for each ω ∈ Y ∗ and z ∈ Z,
υ(zω) = η(z) + wd(w), where wd is as defined before Lemma 3.1 and associated
to p1, . . . , pn. The foregoing implies that
υ(f(x1, . . . , xn)) = wdη(f) for all f ∈ Z〈Y 〉,
where wdη is the valuation studied in Lemma 3.1. Setting Ld = {f ∈ Z〈Y 〉 : wdη(f) ≥
d} for each integer d ≥ 1, we obtain the embedding
Z〈Y 〉/Ld →֒ O/Kd, f + Ld 7→ f(x1, . . . , xn) +Kd,
Thus
lim←−Z〈Y 〉/Ld →֒ lim←−O/Kd.
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Composing this embedding with the one given in Lemma 3.1, we obtain the em-
bedding
Φ: Z〈〈Y 〉〉 →֒ lim←−Z〈Y 〉/Ld →֒ lim←−O/Kd,
∑
ω∈Y ∗
zωω 7→
∑
ω∈Y ∗
zωω(x1, . . . , xn).
By condition (4), 1 + xi, (1 + xi)
−1 ∈ O for i = 1, . . . , n. The natural ring
homomorphisms πd : O → O/Kd for all d ≥ 1, induce the ring homomorphism
π : O → lim←−O/Kd. Note that π(1 + xi) = Φ(1 + Xi), and π((1 + xi)
−1) =
Φ((1 + Xi)
−1). By Theorem 1.1, the Z-subalgebra of lim←−O/Kd generated by{π(1 + xi), π(1 + xi)−1}ni=1 is the free group Z-algebra on {π(1 + xi)}ni=1. The
facts that π is a Z-algebra homomorphism and O is a subalgebra of R imply the
result. 
Let K be a field, and suppose that we want to find free group K-algebras
on a K-algebra R. Suppose R is endowed with a map υ : R → G∞ satisfying
(PF.1), (PF.2), (PF.3) and the restriction to υ to F is a valuation. Let Z = {a ∈
Z : υ(a) ≥ 0}. We can try to apply Theorem 3.2, Theorem 4.3 or Theorem 5.1 to
the Z-algebra R. Then the F -subalgebra of R generated by F and any free group
Z-algebra is a free group K-algebra because F is the field of fractions of Z.
4. When the value group is a general ordered group
4.1. Background on ordered groups. We gather together some definitions and
known results on ordered groups. Everything can be found in [14, Sections IV.1,
IV.3], for example.
Given two ordered groups (G,<) and (H,≺), a homomorphism of ordered
groups is a homomorphism of groups π : G → H such that π(g)  π(g′) for all
g, g′ ∈ G such that g ≤ g′.
Let (G,<) be an ordered group. The absolute |g| of an element g ∈ G is
defined as |g| = max{g, −g}. Let g, h ∈ G. The element g is said to be infinitely
small relative to h if
n|g| < |h| for all positive integers n;
we denote this situation by g ≪ h. On the other hand, g and h are called
Archimedean equivalent, denoted by a ∼ b, if there exist positive integers m and
n such that
|g| < m|h| and |h| < n|g|.
It follows readily that
(i) for each pair g, h ∈ G one, and only one, of the following relations holds:
g ≪ h, g ∼ h, h≪ g;
(ii) g ≪ h and g ∼ p imply p≪ h;
(iii) g ≪ h and h ∼ q imply g ≪ q;
(iv) g ≪ h and h≪ p imply g ≪ p;
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(v) g ∼ h and h ∼ p imply g ∼ p.
Let (G,<) be an ordered group. A subgroup C of G is convex if, for all
g, h ∈ C and d ∈ G, the inequality g ≤ d ≤ h implies that d ∈ C.
Let Σ be the set of convex subgroups of (G,<). It satisfies the following
properties:
(1) Σ is a chain of subgroups of G containing the trivial subgroups {0} and G.
(2) If {Cλ}λ∈Λ ⊆ Σ, then their intersection
⋂
λ∈ΛCλ and union
⋃
λ∈ΛCλ also
belong to Σ.
(3) By a convex jump (N,C) in Σ we mean a pair of subgroups N,C ∈ Σ such
that C properly contains N and Σ contains no subgroup between C and N .
In this event, N is normal in C. Moreover, the quotient group C/N can be
ordered in the natural way: for all c1, c2 ∈ C with c1 + N 6= c2 + N , then
c1 + N < c2 + N if, and only if, c1 < c2. With this ordering, the group C/N
is order isomorphic to a subgroup of the real numbers. Note that the natural
map C → C/N is a homomorphism of ordered groups, i.e. if c1 ≤ c2 then
c1 +N ≤ c2 +N .
(4) Every element g 6= 0 in G defines a convex jump (Ng, Cg) in Σ where Cg is the
intersection of all the elements of Σ that contain g and Ng is the union of all
the elements of Σ which do not contain g. Note that Cg = {h ∈ G : − n|g| ≤
h ≤ n|g| for some n ≥ 1}.
4.2. Main result. The following lemma is similar to some results in [39, Chap-
ter 1] which are obtained when υ is a valuation and N = 0.
Lemma 4.1. Let (G,<) be an ordered group and N ( C be convex subgroups
of G. Let Z be a commutative ring and R be a Z-algebra. Let υ : R → G∞ be a
positive filtration. The following hold true.
(1) The set O = {f ∈ R : υ(f) ≥ n for some n ∈ N} is a subring of R.
(2) The set T = {f ∈ O : υ(f) > c for all c ∈ C} is an ideal of O.
(3) The ring O/T is a Z/Z ∩ T -algebra and the map
ϑ : O/T → C∞, ϑ(f + T ) =
{
υ(f), if f ∈ O \ T
∞, if f ∈ T
is a positive filtration (over Z/Z ∩ T ) with values in C.
Proof. (1) It follows easily from the definition of a positive filtration and the fact
that N is a convex subgroup of G.
(2) We claim that if g ∈ G is such that g > c for all c ∈ C, and h ∈ G such
that h ≥ n for some n ∈ N , then g + h > c and h+ g > c for all c ∈ C. The proof
of the claim is divided into two cases whether h ∈ N or h /∈ N . Indeed, if h ∈ N ,
then g > c− h and g > −h+ c for all c ∈ C and therefore g+ h > c and h+ g > c
for all c ∈ C. Since N is convex, if h /∈ N , then h > 0 and g + h > g > c and
h+ g > g > c for all c ∈ C.
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Let now f1, f2 ∈ T and f ∈ O. Using the foregoing claim,
υ(f1f) ≥ υ(f1) + υ(f) > c, υ(ff1) ≥ υ(f) + υ(f1) > c,
for all c ∈ C. On the other hand, υ(f1+ f2) ≥ min{υ(f1), υ(f2)} > c for all c ∈ C.
This shows that T is an ideal of O.
(3) Let f1, f2 ∈ O. We have to prove that ϑ is well defined and it satisfies the
conditions in the definition of positive filtration.
First we prove that ϑ is well defined. Suppose that f1 − f2 ∈ T . Clearly, if
f1 ∈ T , then f2 ∈ T , f1 + T = f2 + T = 0 + T , and ϑ(f1 + T ) = ϑ(f2 + T ) = ∞.
Suppose now that f1 ∈ O \ T . Then f2 = f1 + t with t ∈ T and f2 ∈ O \ T too.
Hence υ(f1), υ(f2) ∈ C and υ(f1) < υ(t). Then υ(f2) = min{υ(f1), υ(t)} = υ(f1).
Clearly, ϑ(f + T ) =∞ if, and only if, f + T = 0+ T .
Let f1, f2 ∈ O. If f1f2 ∈ T , then clearly,
∞ = ϑ(f1f2 + T ) ≥ ϑ(f1 + T ) + ϑ(f2 + T ).
Hence suppose that f1f2 ∈ O \ T . It implies that both f1, f2 do not belong to T .
Thus
ϑ(f1f2 + T ) = υ(f1f2) ≥ υ(f1) + υ(f2) = ϑ(f1 + T ) + ϑ(f2 + T ),
because υ is a positive filtration.
If f1 + f2 ∈ T , then ϑ((f1 + f2) + T ) = ∞ ≥ min{ϑ(f1 + T ), ϑ(f2 + T )}. If
f1+f2 ∈ O\T , then f1 or f2 belongs to O\T . Thus ϑ((f1+f2)+T ) = υ(f1+f2) ≥
min{υ(f1), υ(f2)} = min{ϑ(f1 + T ), ϑ(f2 + T )}.
Clearly Z ⊆ O and O/T is a Z/Z ∩T -algebra and ϑ(z+T ) ≥ 0 for all z ∈ Z.

It is not difficult to prove the following result whose version for valuations
appears in [10, Section 3]
Lemma 4.2. Let (G,<) and (H,≺) be ordered groups. Let Z be a commutative
ring and R be a Z-algebra with a positive filtration υ : R → G∞. If π : G → H is
a homomorphism of ordered groups, then the map
χ : R→ H∞, χ(f) =
{
π(υ(f)), if f ∈ R \ {0}
∞, if f = 0
is a positive filtration with values in H. 
Theorem 4.3. Let Z be a commutative ring and R be a Z-algebra. Let (G,<)
be an ordered group and υ : R → G∞ be a positive filtration. Let X be a subset of
elements of R satisfying the following conditions
(1) The map X → gradυ(R), x 7→ x+R>υ(x), is injective.
(2) For each x ∈ X, υ(x) > 0.
(3) For each x, y ∈ X, υ(x) ∼ υ(y).
(4) There does not exist z ∈ Z such that υ(z) ≫ υ(x) for some (and hence all)
x ∈ X.
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(5) The subring of gradυ(R) generated by gradυ(Z) and the set {x+R>υ(x)}x∈X
is the free gradυ(Z)-ring on the set {x+R>υ(x)}x∈X.
(6) For each x ∈ X, 1 + x is invertible in R and υ((1 + x)−1)≪ υ(x).
Then the Z-subalgebra of R generated by {1 + x, (1 + x)−1}x∈X is the free group
Z-algebra on the set {1 + x}x∈X .
Proof. Consider the chain Σ of convex subgroups of G and let (N,C) be the convex
jump in Σ determined by some υ(x0), x0 ∈ X . Notice that it is the same as the
one determined by any υ(x), x ∈ X , by condition (2). Thus x ∈ C \ N for all
x ∈ X .
Observe that it is enough to show the result for X a finite set. Thus suppose
that X = {x1, . . . , xn}. Set
O = {f ∈ R : υ(f) ≥ n for some n ∈ N}, T = {f ∈ O : υ(f) > c for all c ∈ C}.
Clearly Z ⊆ O. By Lemma 4.1, O is a subring of R and T is an ideal of O. Set
S = O/T . By (3), Z ∩ T = 0. Thus S is a Z-algebra.
The natural projection π : C → C/N is a homomorphism of ordered groups
where we identify C/N with an additive subgroup of the real numbers. By Lem-
mas 4.1 and 4.2, the map χ : S → R∞, defined by
χ(f + T ) =
{
π(υ(f)), if f ∈ O \ T
∞, if f ∈ T
is a positive filtration (over Z).
We write x˜i = xi + R>υ(xi) ∈ gradυ(R) and xi = xi + T ∈ S for each
i ∈ {1, . . . , n}. Since there exists a homomorphism of Z-algebras O → S, it is
enough to prove that the Z-subalgebra of S generated by {1 + xi, (1 + xi)−1}ni=1
is the free group Z-algebra on {1+xi}ni=1. For that, it is enough to verify that the
subset X = {xi}ni=1 of S satisfies conditions (1),(2),(3),(4) of Theorem 3.2.
We claim that the map X → gradχ(S), xi 7→ x¯i + S>χ(x¯i), is injective. No-
tice that the map X → gradυ(R), xi 7→ xi + R>υ(xi), is injective if, and only
if, υ(xi − xj) = min{υ(xi), υ(xj)} for i 6= j. Hence χ(x¯i − x¯j) = πυ(xi − xj) =
π(min{υ(xi), υ(xj)}) = min{πυ(xi), πυ(xj)} = min{χ(x¯i), χ(x¯j)} which is equiv-
alent to our claim.
Now note that χ(xi) = π(υ(xi)) ≥ 0. Moreover, since υ(xi) /∈ N , χ(xi) > 0
for all i = 1, . . . , n. Also observe that condition (5) implies that (1 + xi)
−1 ∈ O
and υ((1 + xi)
−1) ∈ N . Thus χ((1 + xi)−1) = 0 for each i.
Let Y = {X1, . . . , Xn} be a set of n noncommuting variables. Let r be a real
number. Let ω1, . . . , ωl be distinct words in Y
∗ and z1, . . . , zl ∈ Z be such that
χ(zjωj(x1, . . . , xn)) = r for j = 1, . . . , l. (4.1)
We claim that
χ

 l∑
j=1
zjωj(x1, . . . , xn)

 = r. (4.2)
18 JAVIER SA´NCHEZ
Reordering the summands if necessary, we may suppose that the summands in
(4.1) satisfy
υ(z1ω1(x1, . . . , xn)) ≤ υ(z2ω2(x1, . . . , xn)) ≤ · · · ≤ υ(zlωl(x1, . . . , xn)).
Suppose that 1 ≤ t ≤ l is the maximum positive integer such that υ(z1ω1(x1, . . . , xn)) =
υ(z2ω2(x1, . . . , xn)) = · · · = υ(ztωt(x1, . . . , xn)). By hypothesis (4),
0 6=
t∑
j=1
z˜jωj(x˜1, . . . , x˜n) ∈ Rυ(z1ω1(x1,...,xn)).
By Lemma 2.4(3),
υ
( t∑
j=1
zjωj(x1, . . . , xn)
)
= υ(z1ω1(x1, . . . , xn)).
Therefore
υ
( l∑
j=1
zjωj(x1, . . . , xn)
)
= υ
( t∑
j=1
zjωj(x1, . . . , xn) +
l∑
j=t+1
zjωj(x1, . . . , xn)
)
= υ(z1ω1(x1, . . . , xn)).
Now, by definition,
χ

 l∑
j=1
z˜jwj(x˜1, . . . , x˜n)

 = π(υ( l∑
j=1
zjwj(x1, . . . , xn)
))
= r,
and the claim is proved.
From the last claim and using Lemma 2.4, it is not difficult to show that the
gradχ(Z)-algebra of gradχ(S) generated by {xi+S>χ(xi)}ni=1 is the free gradχ(Z)-
algebra on {xi + S>χ(xi)}ni=1. 
Remark 4.4. Theorem 4.3 is a generalization of Theorem 3.2. Indeed, when G is
an additive subgroup of R with the induced natural ordering, conditions (3) and
(4) in Theorem 4.3 can be removed because they are trivially satisfied. Moreover,
condition υ((1 + x−1)−1) ≪ υ(x) means that υ((1 + x)−1) = 0 for each x ∈ X .
Thus we obtain Theorem 3.2.
5. Division rings with valuations
Our best results are obtained when D is a division ring and υ a valuation.
Theorem 5.1. Let D be a division ring with prime subring Z. Let (G,<) be an
ordered group and υ : D → G∞ be a nontrivial valuation. Let X be a subset of D
satisfying the following four conditions.
(1) The map X → gradυ(D), x 7→ x+D>υ(x), is injective.
(2) For each x ∈ X, υ(x) > 0.
(3) For all x, y ∈ X, υ(x) ∼ υ(y).
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(4) The Z0-subalgebra of gradυ(D) generated by the set {x + D>υ(x)}x∈X is the
free Z0-algebra on the set {x+D>υ(x)}x∈X, where Z0 := Z≥0/Z>0 ⊆ D0.
Then, for any central subfield k, the following hold true.
(a) If there does not exists z ∈ Z such that υ(z) ≫ υ(x) for all x ∈ X, then
the k-subalgebra of D generated by {1 + x, (1 + x)−1}x∈X is the free group
k-algebra on {1 + x}x∈X.
(b) If there exists z ∈ Z such that υ(z)≫ υ(x) for all x ∈ X, then the k-subalgebra
of D generated by {1 + zx, (1 + zx)−1}x∈X is the free group k-algebra on the
set {1 + zx}x∈X.
Proof. By hypothesis, the set X satisfies conditions (1), (2), (3) of Theorem 4.3.
Since υ(x) > 0 for all x ∈ X , then x 6= −1 and υ(1+x) = 0. Thus 1+x is invertible
and 0 = υ((1 + x)−1)≪ υ(x) for all x ∈ X . Hence condition (6) is also satisfied.
We claim that (4) is equivalent to Theorem 4.3(5). Since υ is a valuation,
gradυ(R) is a domain. Let S = gradυ(Z)\{0}, and localize gradυ(D) at S. Consider
the natural embedding gradυ(D) →֒ S−1 gradυ(D). Let Q0 be the subfield of C =
S−1 gradυ(Z) generated by Z0. By Lemma 1.2, the C-subalgebra of S
−1 gradv(D)
generated by a subset Y is the free C-algebra on Y if, and only if, theQ0-subalgebra
of S−1 gradv(D) generated by Y is the free Q0-algebra on Y . Now observe that
these subalgebras are free over C (respectively Q0) if, and only if, they are free
over gradυ(Z) (respectively Z0). Thus the claim is proved.
(a) Our additional hypothesis is Theorem 4.3(4). Hence the Z-subalgebra of
D generated by {1+ x, (1 + x)−1}x∈X is the free group Z-algebra on {1+ x}x∈X .
If the characteristic of D is a prime, then Z is already the prime subfield. If the
characteristic of D is zero, then Z can be identified with the integers and the
prime subfield of D with the field of rational numbers. Moreover, the Z-linear
independence of the elements of the free group imply the Q-linear independence of
these elements over the prime subfield. Thus the Q-subalgebra of D generated by
{1+ x, (1 + x)−1}x∈X is the free group Q-algebra on {1+ x}x∈X . By Lemma 1.2,
we obtain that the k-subalgebra of D generated by {1 + x, (1 + x)−1}x∈X is the
free group k-algebra on {1 + x}x∈X .
(b) First notice that (b) can only happen when the characteristic of D is
zero. By Lemma 2.1, υ(z) > 0 and there does not exist z′ with υ(z′) ≫ υ(z). By
the results of Section 4.1 υ(zx) ∼ υ(zx′) for all x, x′ ∈ X . Now it can be shown
that the elements of the set {zx}x∈X satisfy conditions (1), (2), (3), (4) and (a)
of the statement. 
Note that when (G,<) is a subgroup of the real numbers, condition (3) in
Theorem 5.1 is trivially satisfied. Moreover, condition (3) in Theorem 5.1 is used
to make explicit the free generators of the free group algebra. In most cases, there
exists a free group algebra even if it is not satisfied, as the next remark shows.
Remark 5.2. Let D be a division ring with prime subring Z. Let (G,<) be an
ordered group and υ : D → G∞ be a nontrivial valuation. Let X be a subset of D
satisfying the following four conditions.
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(1) The map X → gradυ(D), x 7→ x+D>υ(x), is injective.
(2) There exists x0 ∈ X , υ(x0) > 0.
(3) There does not exists x ∈ X such that υ(x0)≪ υ(x).
(4) The Z0-subalgebra of gradυ(D) generated by the set {x+D>υ(x)}x∈X is the
free Z0-algebra on the set {x+D>υ(x)}x∈X
Then D contains a free group k-algebra on a set Y with |Y | = |X | for any central
subfield k of D
Proof. By (2) and (3), there exist nonnegative integers nx such that υ(xx
nx
0 ) > 0
and υ(xxnx0 ) ∼ υ(x0) for each x ∈ X . Then (4) implies that the Z0-subalgebra of
gradυ(D) generated by the set {xxnx0 +D>υ(xxnx0 )}x∈X is the free Z0-algebra on
the set {xxnx0 + D>υ(xxnx0 )}x∈X . Now Theorem 5.1 implies the existence of free
group k-algebras on a set Y = {xxnx0 }x∈X with |Y | = |X |. 
Corollary 5.3. Let D be a division ring. Let (G,<) be an ordered group and
υ : D → G∞ be a surjective valuation. Let g, h ∈ G such that the submonoid of
G generated by {g, h} is the free monoid on {g, h}. Then D contains a free group
k-algebra for any central subfield k of D.
Proof. In order to ease the notation, the group G will be multiplicative during this
proof.
Step 1: There exist elements a, b ∈ G such that 1 < a, b, a ∼ b and they
generate a free monoid of rank two.
Consider |g|, |h|. Suppose that |g| < |h|. We suppose that 1 < h, otherwise
the following argument works with g−1, h−1 because the free monoid on {g−1, h−1}
is also free on {g−1, h−1}.
Either g < 1 or 1 < g. Suppose that 1 < g. Then g ∼ h or g ≪ h. If g ∼ h
then 1 < a = g, b = h and {a, b} freely generates a free monoid of rank two. If
g ≪ h, then 1 < gh = a ∼ h = b and {a, b} freely generates a free monoid of rank
two. Suppose now that g < 1. Note that both gh and h are > 1. By the foregoing,
either {a = gh, b = h} generate a free monoid of rank two, or {a = gh2, b = h}
generate a free monoid of rank two.
Step 2: Let Z be the prime subring ofD. Let x, y ∈ D with υ(x) = a, υ(y) = b
where a, b ∈ G are as in Step 1. Then the Z1-subalgebra of gradυ(D) generated by
{x+D>a, y +D>b} is the free Z1-algebra on {x+D>a, y +D>b}.
Let w1 = w1(X,Y ), w2 = w2(X,Y ) be two different words on the noncom-
mutative variables X,Y . Then υ(w1(x, y)) = w1(a, b) and υ(w2(x, y)) = w2(a, b).
Since {a, b} generates a free monoid of rank two, w1(a, b) 6= w2(a, b). Moreover,
for any z1, z2 ∈ Z with υ(z1) = υ(z2) = 1,
υ(z1w1(x, y)) = υ(z1)w1(a, b) 6= υ(z2)w2(a, b) = υ(z2w2(x, y)).
Hence, if we denote, d˜ = d+D>υ(d) for any d ∈ D, we get that, for any z1, . . . , zs ∈
Z \ {0} with υ(zi) = 1 and different words w1(X,Y ), . . . , ws(X,Y ),
z˜iwi(x˜, y˜) = ziwi(x, y) +D>υ(ziwi(x,y)), i = 1, . . . , s,
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and therefore
0 6=
s∑
i=1
z˜iwi(x˜, y˜) ∈ gradυ(D),
as desired.
Step 3: Proof of the result.
Thus the subset {x, y} ⊆ D in Step 2 satisfies conditions (1),(2),(3),(4) in
Theorem 5.1. Let k be a central subfield of D. Applying Theorem 5.1, we obtain
that either the k-algebra generated by {1 + x, (1 + x)−1, 1 + y, (1 + y)−1} is the
free group k-algebra on the set {1 + x, 1 + y}, or there exists z ∈ Z such that the
k-subalgebra of D generated by {1+ zx, (1 + zx)−1, 1+ zy, (1+ zy)−1} is the free
k-algebra on the set {1 + zx, 1 + zy}. 
We would like to note that the existence of free monoids in ordered groups
often happens. Indeed, by [27, Lemma 8], an ordered group (G,<) that contains
a convex subgroup which is not normal contains a free monoid on two generators.
This implies that if the orderable groupG has no free submonoid on two generators,
then all the convex subgroups are normal in G under any order on G ([27, p.1420]).
Also, if all the convex subgroups of (G,<) are normal, but there exists a
convex jump (N,C) which is not central, that is, [C,G] * N , then [37, Section 3.2]
implies the existence of a free monoid in G.
Corollary 5.3 is a generalization of [37, Lemma 2.3]. In that result it is consid-
ered the Malcev-Neumann series K((G;<)) ring obtained from an ordered group
(G,<) and a division ring K endowed with its natural valuation υ : K((G;<))→
G∞.
An instance where our results can be applied is to what is known as microlo-
calization. Let R be a ring with a valuation υ : R→ Z∞. Consider the graded ring
gradυ(R) and the subset S of gradυ(R) consisting of the nonzero homogeneous ele-
ments. If S is an Ore subset of gradυ(R), then R can be embedded in a division ring
D such that υ extends to a valuation υ : D → Z∞ with gradυ(D) = S−1 gradυ(R)
and such that D is complete with respect to the topology induced by υ, see [45],
[3], [25] (note that the filtration in those references is ascending). Note that the
filtration in those papers is an ascending one. In some important cases where this
process of microlocalization is applied, the graded ring is commutative, which is
not good for our purpouse of finding free group algebras because the graded ring
certainly will not contain free algebras.
Let D be a division ring and υ : D → Z∞ be a surjective valuation. Note that
D≥0 is a local ring with maximal ideal D>0, thus D0 = D≥0/D>0 is a division ring.
Then gradυ(D) is isomorphic to a skew Laurent polynomial ringD0[t, t
−1;α] where
t is any fixed nonzero element of D1 = D≥1/D>1. To obtain a free group algebra
in D, it is enough to find different elements atm, btn with m,n ≥ 1 that generate
a free algebra over a subfield of D0 fixed by α. There are some references that deal
with the problem of finding such free algebras, for example [22, Section 9C], [24,
Proposition 2], [43], [42].
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Appendix A. A counterexample
In this section we present a counterexample to [24, Proposition 4].
Let G be a group and A,B be subgroups of G. By [A,B] we denote the
subgroup of G generated by {a−1b−1ab : a ∈ A, b ∈ B}. We define γ1(G) = G, and
for i ≥ 1, γi+1 = [G, γi(G)]. Also
√
A = {g ∈ G : gn ∈ A for some n ≥ 1}.
Let F be the free group on two letters x, y. Let F ′′ = [γ1(F ), γ1(F )]. Let
M = F/F ′′ be the free metabelian group on two letters u = xF ′′ and v = yF ′′.
Consider the group ring Q[M ], where Q denotes the field of rational numbers.
In [33], it was proved that the submonoid of M generated by u and v is the
free monoid on the set {u, v}. Thus
(♠) the Q-subalgebra of Q[M ] generated by {u−1, v−1} is the free Q-algebra
on the set {u− 1, v − 1}.
Consider the augmentation map ε : Q[M ] → Q and let ω(Q[M ]) = ker ε be
the augmentation ideal. For each i ≥ 1, define the dimension subgroups of M as
Di(Q[M ]) = {x ∈M : x− 1 ∈ ω(Q[M ])i}.
Since Q is a field of characteristic zero, [35, Chapter 11, Theorem 1.10] implies
that Di(Q[M ]) =
√
γi(M) for each i ≥ 1. By [19, Theorem D2], M is a residu-
ally torsion-free nilpotent group. Thus
⋂
i≥1
√
γi(M) =
⋂
i≥1
Di(Q[M ]) = {1}. This
implies that
⋂
i≥1
ω(Q[M ])i = 0 by [35, Chapter 11, Theorem 1.21].
The powers of the ideal ω(Q[M ]) define a filtration of Q[M ]
Q[M ] ⊇ ω(Q[M ]) ⊇ ω(Q[M ])2 ⊇ · · · ⊇ ω(Q[M ])i ⊇ ω(Q[M ])i+1 ⊇ · · ·
Consider the graded ring associated to this filtration
grad(Q[M ]) =
⊕
i≥0
ω(Q[M ])i
ω(Q[M ])i+1
,
where we assume ω(Q[M ])0 = Q[M ].
Consider now, for each i ≥ 1, the torsion-free abelian groupsDi(Q[M ])/Di+1(Q[M ]).
The direct sum
L(M) =
⊕
i≥1
Di(Q[M ])
Di+1(Q[M ])
can be endowed with a Lie Z-algebra structure, see for example [34, VIII.2]. Con-
sider the Lie Q-algebra Q ⊗Z L(M) and its universal enveloping algebra U(Q ⊗Z
L(M)). By [36] or [34, VIII, Theorem 5.2], there exists an isomorphism of Q-
algebras Θ: U(Q⊗ZL(M))→ grad(Q[M ]) such that if x+Di+1(M) ∈ Di(Q[M ])/Di+1(Q[M ]),
then
Θ(x+Di+1(M)) = (x − 1) + ω(Q[M ])i+1 ∈ ω(Q[M ])
i
ω(Q[M ])i+1
.
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Since U(Q ⊗Z L(M)) is a domain, grad(Q[M ]) is a domain. Now [7, Proposi-
tion 2.6.1], implies that the map χ : Q[M ] → Z∞ defined by χ(f) = sup{i : f ∈
ω(Q[M ])i} is a valuation. Observe that, since u′ = u− 1, v′ = v − 1 ∈ ω(Q[M ]),
(♠♠) χ(u′) ≥ 1 and χ(v′) ≥ 1.
Since M is an extension of torsion-free abelian groups, Q[M ] is an Ore do-
main. Let D be the Ore division ring of fractions of Q[M ]. Then the valuation χ
can be extended to a valuation on D, see for example [7, Proposition 9.1.1]. There-
fore we have a valuation χ : D → Z∞ such that u′, v′ ∈ D, the Q-subalgebra of D
generated by {u′, v′} is the free Q-algebra on {u′, v′} by (♠). By (♠♠), χ(u′) ≥ 1,
χ(v′) ≥ 1. But 1 + u′ = u and 1 + v′ = v do not generate a free group Q-algebra
on {1 + u′, 1 + v′} because u and v do not even generate a free group.
Appendix B.
In the following results, the existence of free algebras in certain division rings
was proved. Then [24, Proposition 4] was used to show the existence of a free group
algebra in certain division rings. They may well be true, but the proof provided
depends on [24, Proposition 4], and our Theorem 5.1 cannot be applied.
(1) [24, Corollary 1 of Proposition 4]
(2) [12, Corollaries 2.1,2.2,Theorems B,C,D]
(3) [41, Corollary B, Theorems C,D,E]
(4) [40, Theorem 1]
(5) [26, Theorem 5]
(6) [18, Theorem 4]
(7) [17] is a survey on the existence of free objects in division rings where some of
the foregoing results are stated.
(8) [11, Theorem 1.1,Proposition 3.3,Theorem 3.5]. In these results the existence
of a free algebra generated by symmetric elements is proved.
(9) [8, Corollary 4.10]
In the following results, the existence of free group algebras in division rings
was proved using [24, Proposition 4], but with the help of other results and methods
they can be reproved, at least partially.
(1) [24, Corollary 2 of Proposition 4] was proved and generalized in [38]. Hence, as
noted in [38, Comments 3.1(2)], [20, Lemma 7.5], [21, Corollary 5.4] and [11,
Proposition 3.1] are correct because they relied on [15, Corollary 2 of Proposi-
tion 4]. Furthermore, the proof of [11, Proposition 3.1] can be simplified. The
result follows by applying [38, Corollary 3.4] to [11, Eq. (4), p. 78].
(2) The proof of [37, Proposition 3.4,Proof of Theorem 3.1 for ordered groups of
type 1] used [12, Corollary 2.1]. This result was needed to obtain a free group
algebra in the Ore field of fractions of the group algebra k[G] of a nonabelian
torsion-free nilpotent group G over a field k. This free group algebra can be
obtained by [5, The´ore`me] except for the characteristic two case.
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